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Reflection of charge excitations at the step in the interaction strength in a Luttinger liquid can be 
of the Andreev type, even the interactions are purely repulsive. The region with stronger repulsion 
plays the role of a normal metal in a normal-metal/superconductor junction, whereas the region with 
weaker repulsion plays the role of a superconductor. It is shown that this quasi- Andreev reflection 
leads to a number of proximity-like efl'ects, including the local enhancement (suppression) of su- 
perconducting fluctuations on the quasi-normal (quasi-superconducting) side of the step, significant 
modification of the local density of states, as well as others. The observable consequences of these 
proximity effects are analyzed for the case of single- and two-particle tunneling from a normal-metal 
or superconducting tip into an inhomogeneous Luttinger-liquid wire. 

PACS numbers: 72.10.Bg, 73.20.Dx 

Recent developments in microfabrication technologies 

have led to a renaissance in the physics of (quasi) one- \ 

dimensional (ID) strongly correlated electronic systems. 
Much of theoretical work has been devoted to various 
scattering processes in these systems, such as single- ||] 
and multiple- j2| impurity scattering, and Umklapp scat- 
tering These processes result in some unique fea- 
tures in observable quantities, e.g., in specific temper- 
ature and/or voltage dependences of the conductance, 
which have been instrumental in the experimental search 
for strongly correlated effects in ID systems [Q. 

The focus of this paper is on another scattering pro- 
cess, which has only recently attracted attention [p|-p^, 
namely, scattering caused by inhomogeneities in the 
electron-electron interaction strength. Such inhomo- 
geneities should be readily realizable, and sometimes 
even unavoidable, in ID systems. For example, one can 
change the electron density, and therefore the effective 
interaction strength, by applying a potential to a top 
gate that covers a part of a quantum wire (see Fig. [l^). 
Squeezing a wire inhomogeneously by using additional 
side gates (Fig. |^) has the same effect: the effective 
ID interaction constant Uq is proportional to l/w(x), 
where w{x) is the local width of the wire Such inho- 
mogeneities can (and should) exist in their random ver- 
sions: e.g., disorder can cause the random modulation of 
the electron density |^ , and surface roughness can lead to 
random modulation of the width. Finally, such scattering 
should occur at an interface between regions having dif- 
ferent filling factors in a quantum Hall system . In 
what follows, we shall concentrate on the adiabatic case, 
in which the scale of the inhomogeneity W is much larger 
than the Fermi wavelength 2'K/kp. In this case, single- 
particle backscattering from the inhomogeneity may be 
neg lected In). 



FIG. 1. Some ways of producing inhomogeneities in the in- 
teractions strength: (a) Creating a depleted (enriched) region 
by applying a voltage to a top gate (shaded); (b) Squeezing 
the wire by additional side gates. As soon as [kFw{x) /n] = 1 
for any x, there is only one propagating mode in the wire. 

Another advantage of the adiabatic approximation is 
that a ID system with variable interaction strength can 
be described in terms of the inhomogeneous Luttinger- 
liquid model @Jl^,|l^ , in which the velocity of collective 
charge excitations Vp and the dimensionless parameter 
Kp vary in space. {Kp characterizes the strength and 
sign of interactions: Kp < 1 for repulsion; Kp > 1 for 
attraction; Kp = 1 in the absence of the interaction.) An 
interface between two regions having different interaction 
strengths thus corresponds to kinks in Vp and Kp. (We 
assume that the SU{2) symmetry is preserved, and hence 
that everywhere the velocity of spin excitations is equal 
to the bare Fermi velocity vp and K„ — 

As has recently been noticed by a number of authors 
[^,^J^Jl^ , scattering at a kink in the interaction strength 
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FIG. 2. (a) Quasi-Andreev reflection of an electron-like 
excitation at the step in Kp. Shaded: tunneling tip. (b) 
Schematic view of single-particle (solid) and two-particle 
(dashed) tunneling currents as a function of the position of the 
tip, when the tip is in the normal and superconducting states, 
respectively. The currents are normalized to their values at 
a; ± CO (dotted). The region of length ~ ~ I/^f in the 
vicinity of the step, where the long- wavelength approximation 
breaks down, is excluded from the Figure. 

can be of the Andreev type. An important (and readily 
tractable) case occurs when the wavelength of the exci- 
tation Le = vf/s- (where e is a typical excitation energy 
and ?i = 1) is much larger that the width of the kink W 
(but W ^ l-K jkp). In this case the density reflection co- 
efficient R = (pout-po)/(Pin-po), where pout (pin) is the 
charge density in the outgoing (incoming) wave and po is 
the background density, is given simply by a Fresnel-type 
formula |^,^ 
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Evidently, i? < for Kpi < Kp2, which means that an 
incoming electron-like excitation, corresponding to an ex- 
cess in the density (i.e., pin > po), is reflected as a hole- 
like one, corresponding to a deficit in the density (i.e.. 
Pout < Po), and vice versa (see Fig. |^). Most impor- 
tantly, this kind of Andreev reflection, which we will refer 
to as "quasi- Andreev reflection " occurs even in the pres- 
ence of purely repulsive interactions. Making an analogy 
with a superconductor/normal metal (SN) junction, one 
can say that the region with weaker repulsion (i.e., a; > 0) 
plays the role of the "superconductor" and the region 
with stronger repulsion (i.e., a; < 0) plays the role of the 
"normal metal", so that, loosely speaking, "weaker re- 
pulsion" is equivalent to "stronger attraction" . To make 
this analogy more explicit, we will call the regions a; > 
and a; < the "quasi-superconducting" (QS) and "quasi- 
normal" (QN) parts, respectively. 

The goal of this paper is to explore the features of the 
electron state formed in the vicinity of a step in the inter- 
action strength in a Luttinger liquid. We shall show that 
quasi-Andreev reflection results in a peculiar proximity 
effect: the superconducting fluctuations are enhanced 
(suppressed) on the QN (QS) side of a step. The single- 
particle density of states (DOS) will also be shown to 



be modified in a similar way. We shall then study how 
both of these effects could manifest themselves in single- 
and two-particle tunneling into a Luttinger liquid. For 
the sake of simplicity we shall concentrate on the case 
of a single kink of zero width (a step). Although kinks 
usually come in pairs, our calculations are applicable if 
the separation of the kinks is larger than L^. The over- 
all structure of the DOS in the case of a well in Kp was 
studied in Ref. 

An inhomogeneous Luttinger liquid is described by the 
Hamiltonian 



H = 



dx 



K^.{x) 



+ Kp{x){d,9^f 



where (pp and 9p are canonically conjugate boson fields, 
i.e., [4>p{x), dxOp'{x') = iSppiS{x — x'). Unless mentioned 
specifically, we shall be considering the case of repulsive 
interactions, when there is no gap in the spin sector. 

For a conventional SN interface, Andreev reflection 
provides a microscopic mechanism for the proximity ef- 
fect, i.e., for the formation of a superconducting con- 
densate in a region of the N-side adjacent to the inter- 
face, and the suppression of the condensate on the S-side. 
The proximity effect is usually described by the profile of 
the (singlet) condensate amplitude (■0|(a;)'0|(a;)), which 
varies from some non-zero value in the bulk of S to zero 
in the bulk of N. In our case, both the singlet and triplet 
condensate amplitudes are equal to zero. However, one 
can expect quasi-Andreev reflection to modify the cor- 
relation functions of singlet and triplet superconduct- 
ing fluctuations, defined as Fg{x,x') = {S {x)S^ {x')) and 
F,(x,a;') = (r(a;)Tt(a;')), where S{x) = E.=T,i^-^- 
and T{x) = J2a=-\ [RcrLa, and where Rc{Lfj) are the 
right- (left-)moving components of fermion fields. In a 
bosonized form, the equal-time correlators are given by 

F,{x,x')^ ^^g2.{A*.(.,.',o)+Ae,(x,x',o)}^ (2a) 
(2T:aY 

Ft{x,x')^ ^^g2.{Ae.(x,x',o)+Ae,(.,.',o)}^ (2b) 
(27ra)^ 

where 

( ' ( ' \ ^p(x,a;,0) + $^(a:^a:^0) 
A$^(a;,a: ,T) = $^(x,a: , t) , 

with the Matsubara propagator defined as ^p{x, x' ,t) = 
(7T'/>;i(x, T)0p(a;', 0)) (and similarly for the relation be- 
tween AQp, Qp, and 6p), and a is a short-distance cut- 
off. In the presence of an inhomogeneity, the temporal 
Fourier transform of $p satisfies the equation of motion 



■ Vp{x)Kp{x) 



which, in the case of a step in Vp and Kp, is sup- 
plemented by the condition that <I>^ and {vp/Kp)dx^p 
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are continuous at a; = [Q. The equation of mo- 
tion and the boundary condition for 0^ are obtained 
by the replacement ^/K^. In the presence of 

the SU (2) symmetry, the spin propagators are given by 
= 0^ = exp{—\uJn{x — x')\/vF)/'2\uJn\, whcreas 9p for 
x,x' < can be written as 

^-\i^n{x-x')\/vpi _|_ j:^^-\i>Jn{x+x')\/vpi 

Op{x,x',ujn) = 77, — rrr (4) 

At zero temperature, the superconducting correlation 
functions take the following form 



F,{x,x')=Ft{x,x')^ f^°Hx-x') 



Axx' 



(x + x'y 



(5) 



where f^'^^{x — x') cx |a; — x'\'~^'^p^ describes the de- 
cay of superconducting fluctuations in a homogeneous 
Luttinger liquid with parameter Kpi |p^ . The presence 
of the inhomogcneity is manifested through the factor 
in the square brackets in Eq. (||). For the case shown 
in Fig. Ha, i? < and F^/t diverges as \x\~\^\/'^^p^ for 



fixed x' and 



. For x,x' > 0, the propagator 



Qp is obtained from Eq. (|J) by replacing 



pi 



p2, 



Vpi Vp2- Consequently, Fg/^ vanishes as x^^^^'^^p^ 
for fixed x' and a; ^ 0+. We thus see that the su- 
perconducting fluctuations are enhanced (suppressed) on 
the QN (QS) side. This is not the only consequence 
of the inhomogcneity however. As one can show, the 
charge- and spin-density-wave (CDW and SDW) fluctu- 
ations also get modified in a manner opposite to that 
of the superconducting fluctuations, i.e., the 2fci? com- 
ponents of CDW and SDW correlation functions vanish 
(diverge) as \x\^^^^p^/^ (\x\^^^^^p^^'^) for x approaching 
the step from the QN (QS) side. Last, but not least, 
the local single-particle DOS at fixed energy e diverges 
as \x\~'^^ for X 0~, where ki = j\R\{K~^^ — K^^) and 



vanishes as : 



for : 



0+,whereK^2 = i|i?|(i^p2'-^p 



the bulk behavior is restored at distances \x\ ^ L^. 

The modification of the DOS and various two-particle 
correlation functions should lead to some observable con- 
sequences. In what follows, we consider a particular ex- 
ample, namely, we study how tunneling between a Lut- 
tinger liquid and a normal-metal or superconducting tip 
is modified in the presence of an inhomogeneity. Tunnel- 
ing from a normal metal tip measures the single-particle 
DOS of a Luttinger liquid. Tunneling between a normal- 
metal (including Luttinger-liquid) conductor and a su- 
perconductor at biases smaller than the superconducting 
energy gap measures the pair susceptibility of a normal 
metal which is related to the correlation function 
of superconducting fluctuations. The CDW- and SDW- 
susceptibilitics do not enter the tunneling current, as they 
correspond to electrically neutral excitations. 

Suppose that a narrow tunneling tip is scanned along 
an inhomogeneous Luttinger liquid wire (seeFig|2[i). We 



model the tip by a ID Luttinger liquid, whose parame- 
ters KpQ and Ka-o are chosen to be either 



pO 



1 



(when the tip is in the normal, Fermi-liquid state) or 
Kpo = oo, K^Q = (when the tip is in the supercon- 
ducting state). The dynamics of the fields in the wire at 
the position of the tip x is described by a local action 
obtained from the full action by integrating out the bulk 
degrees of freedom 



S = 



1 



2/3 ^ ^ <^p{x,X,UJn) 



|(/i^(a;,Lj„)|^ 



(6) 



Equivalently, S can be written in a dual form by making 
the replacement (pp, —^ 9p and $^ Qp. The tip is 
described by similar equations involving corresponding 
(homogeneous) propagators of boson fields. The single- 
particle tunneling action is given by 

5i ^ y drcos [V^i?p + Air)] cos(^^F^?^) (7) 

X COs{y/n(fp) COs{y/T:(pcr), 

where 7 is a dimensionless tunneling amplitude, "i?^ = 
{9p ~ 9po)/V2, ifip = (0^ - 0po)/V2, subindex "0" de- 
notes the boson fields in the tip, and where A{t) = 
e J dT'V{T'), with V{t) being the bias between the tip 
and the wire. As is well known, single-particle tunneling 
action Si generates two-particle tunneling terms under a 
renormalization group (RG) procedure @jl9l|l|,|2§ . For 
electrons with spin, the two-particle tunneling action was 
written down by Khveshenko and Rice [ [iTpifl 

5*2 = — / dT{Ts cos(2^/^^9p + 2A) cos(2^^F(^a) (8) 
a J 

+Tt cos(2V^i?p + 2A) cos(2V^i9<,) 
+Tcdw cos{2y/nipp) cos{2^/nlpcr) 
+Tsdw cos(2^/7^(pp) cos(2V7rt?cr)}- 

The first (last) two terms on the right hand side of Eq. (8) 
correspond to particle-particle (particle-hole) tunneling. 
The first term describes the tunneling of a (virtual) sin- 
glet Cooper pair from the tip to the wire (and vice 
versa). Similarly, the second term describes the tun- 
neling of a (virtual) triplet Cooper pair. Finally, the 
third and fourth term correspond to tunneling processes 
of electron-hole pairs of CDW- and SDW-type, respec- 
tively. 

The RG equations for the single- and two-particle tun- 
neling amplitudes can be derived following the conven- 
tional procedure. When the tip probes, e.g., the QN 
part of the wire, the flow equation for 7 takes the form 



din 7 
dlnA " 

where A = 1/a and 
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-2A|a:| 



(9) 
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The solution of Eq. (||) is 

7(A) = 70 (A/Ao)"/' e^«i{^i(2Ao|x|)-Ei(2A|.|)}^ ^^^^ 

where Aq ^ kp and Ei{y) = dt e^'^'^ /t. If the tip is 
in the normal state {KpQ — K^q = 1) then at distances 
X from the step satisfying A(7^ < |x| < 1/A Eq. (|l|) 
reduces to 



7(A) cx AiK,i-if/sK,^ (A|x|)-l"il/2 , 



(12) 



The (dimensionless) tunneling conductance Gi ~ 7^ ( A = 
eV/vp) is thus enhanced in the vicinity of the step and 
reverts to its bulk value for \x\ 3> vp/eV. Accordingly, 
Gi is suppressed if the tip probes the QS region. The 
voltage dependence of the conductnce can be read off 
from the energy dependence of the DOS: the first factor 
in Eq. ( pT| ) corresponds to the DOS of a homogeneous 
Luttinger liquid, while the second one arises due to the 
step. If the tip is in the superconducting state {Kpo = 00, 
Kao = 0), 7 vanishes for A ^ 0, reflecting the absence 
of a single-particle tunneling current between a normal 
metal and a superconductor at voltages below the super- 
conducting gap. 

Next we consider the renormalization of the two- 
particle tunneling amplitudes. The charge transfer be- 
tween the tip and the wire is determined only by the 
particle-particle tunneling processes, and we thus need 
to consider only the flow equations for Tg and Ff, which 
take the form 



dV, 
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d\nA : 
where i = s.t and 



pi 
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(13) 

(14a) 
(14b) 



forbidden at voltages smaller then the superconducting 
gap, and the only current flowing from the tip to the wire 
is the two-particle one. Solving Eq. (|l3|) with 7(A) — 0, 
Kpf) = CO, and Ka-o — 0, we get for F^ 



F,(A) =Fo (A/Ao) 



9=72 ^2W^{Ei{2Aq\x\)~Ei{2A\x\)} ^^^^ 



where Qs = K^^ — 1, whereas Fj = (there is no triplet 
tunneling into a singlet superconductor). Close to the 
step, the (dimensionless) tunneling conductance G2 ~ 
Vl{K = eV/vp) is 



G2 (X 4^'= (^^1^1) 



(16) 



In a homogeneous wire (i? = 0), G oc . Two- 
particle tunneling is irrelevant for the case of repulsion 
[Kpi < 1) and relevant for attraction {Kpi > 1), the 
non-interacting case {Kpi = 1) being marginal. The step 
enhances (suppresses) the two-particle tunneling for a tip 
to the left (right) from the step. The enhancement can be 
so strong that two-particle tunneling becomes relevant, 
even for repulsion: the criterion of relevancy changes to 
Kpi > 1 — \R\, which can be satisfied for Kpi < 1. How- 
ever, if the reflection coefficient is given by Eq. (^, this 
criterion can be satisfied only if the interaction in the sec- 
ond part of the wire is attractive (i.e., Kp2 > 2 — Kpi). 
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The parameters Kt and At are obtained from Ks and 
by replacing K^q K~q. The first term in Eq. (|l^) [5] 
describes the self-generation of two-particle tunneling, 
the second one represents the generation of two-particle 
tunneling by single-particle processes. Accordingly, the [6] 
initial condition for F^ is Fi(Ao) = (if the tip is nor- 
mal) and r(Ao) ~ toi Q (if the tip is superconducting). ['''l 
Analysis of the former case shows that two-particle tun- 
neling does not significantly modify the tunneling con- 
ductance for repulsive interactions: two-particle tunnel- 
ing is irrelevant and subdominant to single-particle tun- 
neling. [8] 

The situation changes dramatically when the tip is su- 
perconducting. In this case, single-particle tunneling is 
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